I. INTRODUCTION
In recent years significant experimental progress has been achieved in studying properties of B s mesons [1] . The Belle Collaboration considerably increased the number of observed B s mesons and their decays due to the data collected in e + e − collisions at the Υ(10860) resonance [2] . On the other hand, B s mesons are copiously produced at Large Hadron Collider (LHC). First precise data on their properties are coming from the LHCb Collaboration [3] . Several weak decay modes of the B s meson were observed for the first time [4] . New data are expected in near future [5] . The study of weak B s decays is important for further improvement in the determination of the Cabibbo-Kobayashi-Maskawa (CKM) matrix elements, for testing the prediction of the Standard Model and searching for possible deviations from these predictions, the so-called "new physics".
The dominant decay channel of the B s meson is into the D s meson plus anything [1] . Therefore various important properties of excited D s mesons can be studied in the B s meson weak decays. In particular, they can shed light on the controversial D * s0 (2317) and D s1 (2460) mesons, whose nature still remains unclear in the literature. The abnormally light masses of these mesons put them below DK and D * K thresholds, thus making these states narrow since the only allowed decays violate isospin. The peculiar feature of these mesons is that they have masses almost equal to or even lower than the masses of their charmed counterparts D and orbitally excited D s mesons. For the calculations we use the same effective methods [7, 8] previously developed and successfully applied in the framework of the QCD-motivated relativistic quark model based on the quasipotential approach. The weak decay matrix elements are parametrized by the invariant form factors which are then expressed through the overlap integrals of the meson wave functions. The systematic account for relativistic effects, including the wave function transformations to the moving reference frame and contributions from the intermediate negative-energy states, allows one to reliably determine the momentum transfer dependence of the decay form factors in the whole accessible kinematical range. The other important advantage of this approach is that for numerical calculations we use the relativistic wave functions, obtained in the meson mass spectra calculations [9, 10] . Thus we do not need any additional ad hoc parametrizations or extrapolations which were usually used in some previous investigations. The calculated form factors are then substituted in expressions for the differential decay rates and semileptonic decay branching fractions are evaluated. The tree-dominated twobody nonleptonic B s decays to the D s meson and light or another D s meson are studied on the basis of the factorization approach. Such approximation significantly simplifies calculations, since it allows one to express the matrix elements of the weak Hamiltonian governing the nonleptonic decays through the product of the transition matrix elements and meson weak decay constants. All these ingredients are available in our model. The obtained results are compared with previous calculations and experimental values, which are measured for some B s semi-exclusive semileptonic and several exclusive nonleptonic decay modes.
The paper is organized as follows. In Sec. II we briefly describe the relativistic quark model. Then in Sec. III we discuss the relativistic calculation of the transition matrix element of the weak b → c current between meson states in the quasipotential approach. Special attention is paid to the contributions of the negative energy states and the relativistic transformation of the wave functions to the moving reference frame. These methods are applied in Sec. IV to the calculation of the form factors of weak B s decays to ground state D s mesons. The form factors are obtained as the overlap integrals of meson wave functions within the heavy quark expansion up to subleading order. It is shown that all heavy quark symmetry relations are explicitly satisfied. These form factors are used for evaluating semileptonic decay branching fractions in Sec. V. The calculations of the form factors and semileptonic decay branching fractions for B s decays to radially excited D sJ mesons are given in Sec. IX. Finally, the two-body nonleptonic B s decays calculated within the factorization approximation are presented in Sec. X. All obtained results are confronted with previous calculations and available experimental data. Section XI contains the conclusions. The relations between the sets of weak form factors, the model independent HQET expressions for the form factors, and helicity components of the hadronic tensor defined in terms of the form factors are presented in the Appendices.
II. RELATIVISTIC QUARK MODEL
In the quasipotential approach a meson is described as a bound quark-antiquark state with a wave function satisfying the quasipotential equation of the Schrödinger type [9] 
Here M = E 1 + E 2 is the meson mass, m 1,2 are the quark masses, and p is their relative momentum. In the center of mass system the relative momentum squared on mass shell reads
The kernel V (p, q; M) in Eq. (1) is the quasipotential operator of the quark-antiquark interaction. It is constructed with the help of the off-mass-shell scattering amplitude, projected onto the positive energy states. Constructing the quasipotential of the quark-antiquark interaction, we have assumed that the effective interaction is the sum of the usual one-gluon exchange term with the mixture of long-range vector and scalar linear confining potentials, where the vector confining potential contains the Pauli interaction. The quasipotential is then defined by [9] 
where α s is the QCD coupling constant, D µν is the gluon propagator in the Coulomb gauge
and k = p − q. Here γ µ and u(p) are the Dirac matrices and spinors
where σ and χ λ are Pauli matrices and spinors, respectively, and ǫ(p) = √ p 2 + m 2 . The effective long-range vector vertex is given by
where κ is the Pauli interaction constant characterizing the long-range anomalous chromomagnetic moment of quarks. Vector and scalar confining potentials in the nonrelativistic limit reduce to
reproducing
where ε is the mixing coefficient.
The expression for the quasipotential of the heavy quarkonia within and without the v 2 /c 2 expansion can be found in Ref. [9] . The quasipotential for the heavy quark interaction with a light antiquark without employing the nonrelativistic (v/c) expansion is given in Ref. [10] . All the parameters of our model like quark masses, parameters of the linear confining potential A and B, mixing coefficient ε and anomalous chromomagnetic quark moment κ are fixed from the analysis of heavy quarkonium masses and radiative decays [9] . The quark masses m b = 4.88 GeV, m c = 1.55 GeV, m s = 0.5 GeV, m u,d = 0.33 GeV and the parameters of the linear potential A = 0.18 GeV 2 and B = −0.30 GeV have values inherent for quark models. The value of the mixing coefficient of vector and scalar confining potentials ε = −1 has been determined from the consideration of the heavy quark expansion for the semileptonic B → D decays [11] and charmonium radiative decays [9] . Finally, the universal Pauli interaction constant κ = −1 has been fixed from the analysis of the fine splitting of heavy quarkonia 3 P J -states [9] and the heavy quark expansion for semileptonic decays of heavy mesons [11] and baryons [12] . Note that the long-range magnetic contribution to the potential in our model is proportional to (1 + κ) and thus vanishes for the chosen value of κ = −1 in accordance with the flux tube model.
III. MATRIX ELEMENTS OF THE ELECTROWEAK CURRENT FOR b → c TRANSITION
In order to calculate the exclusive semileptonic decay rate of the B s meson, it is necessary to determine the corresponding matrix element of the weak current between meson states. In the quasipotential approach, the matrix element of the weak current J 
where Γ µ (p, q) is the two-particle vertex function and Ψ M p 
µ (p, q) is the consequence of the projection onto the positive-energy states. Note that the form of the relativistic corrections emerging from the vertex function Γ (2) µ (p, q) explicitly depends on the Lorentz structure of the quark-antiquark interaction. In the heavy quark limit m Q → ∞, 
and
where the superscripts "(1)" and "(2)" correspond to Figs. 1 and 2,
.
Here [13] 
and n (i) are three four-vectors given by
The wave function of a final D s meson at rest is given by
where J and M are the total meson angular momentum and its projection, L is the orbital momentum, while S = 0, 1 is the total spin. ψ D sJ (p) is the radial part of the wave function, which has been determined by the numerical solution of Eq. (1) in Ref. [10] . The spin-angular momentum part Y JLSM has the following form 
where ϕ = 34.5
• is the mixing angle and the primed state has the heavier mass [10] . Such mixing occurs due to the nondiagonal spin-orbit and tensor terms in the Qq quasipotential. The physical states are obtained by diagonalizing the corresponding mixing terms. Note that the above value of the mixing angle ϕ is very close to its heavy quark limit ϕ m Q →∞ = arctan( 1/2) ≈ 35.3
• . This means that the wave functions Ψ D s1 and Ψ D ′ s1 correspond in the heavy quark limit to Ψ D s(3/2) and Ψ D s(1/2) , respectively.
It is important to point out that the wave functions entering the weak current matrix element (11) are not in the rest frame in general. For example, in the B s meson rest frame (p Bs = 0), the final meson is moving with the recoil momentum ∆. The wave function of the moving meson Ψ Ds ∆ is connected with the wave function in the rest frame Ψ Ds 0 ≡ Ψ Ds by the transformation [13] 
where R W is the Wigner rotation, L ∆ is the Lorentz boost from the meson rest frame to a moving one, and the rotation matrix D 1/2 (R) in spinor representation is given by
where
is the usual Lorentz transformation matrix of the Dirac spinor.
IV. FORM FACTORS OF WEAK B s DECAYS TO D s MESONS
For considering weak B s decays to ground state D s mesons we employ the heavy quark expansion which significantly simplifies calculations. Therefore it is convenient to introduce the heavy quark effective theory (HQET) parametrization for the weak decay matrix elements [14, 15] :
s ) meson, ǫ µ is the polarization vector of the final vector meson, and the form factors h i are dimensionless functions of the product of four-velocities In HQET these form factors up to 1/m Q order are expressed through one leading IsgurWise function ξ, four sudleading functions ξ 3 , χ 1,2,3 and one mass parameterΛ [15] . These relations are given in Appendix A.
To calculate the weak decay matrix element in the quasipotential approach, we substitute the vertex functions (12) and (13) in Eq. (11) and take into account the wave function transformations (17) . The contribution of the leading order vertex function Γ (1) µ (p, q) can be easily simplified by carrying out one of the integrations using the δ-function. Then we employ the heavy quark expansion, which permits us to take one of the integrals in the contribution of the vertex function Γ (2) µ (p, q) to the weak current matrix element. As a result we express all matrix elements through the usual overlap integrals of the meson wave functions. We carry out the heavy quark expansion up to the second order and compare the obtained expressions with model independent HQET relations (A1)-(A6).
All leading order relations are exactly satisfied. In this limit of an infinitely heavy quark, all form factors are expressed through the single universal Isgur-Wise function ξ(w) [14] 
This function is given by the following overlap integral of meson wave functions [11] ξ(w) = 2 w + 1 lim
In the infinitely heavy quark mass limit the wave functions of initial Ψ Bs and final Ψ Ds heavy mesons coincide. As a result the HQET normalization condition [15] ξ(1) = 1 is exactly reproduced.
In order to fulfill the HQET relations (A1)-(A6) at the first order of the heavy quark 1/m Q expansion it is necessary to set (1 − ε)(1 + κ) = 0, which leads to the vanishing longrange chromomagnetic interaction. This condition is satisfied by our choice of the anomalous chromomagnetic quark moment κ = −1. To reproduce the HQET relations at second order in 1/m Q , one needs to set ε = −1 [11] . This serves as an additional justification, based on the heavy quark symmetry and heavy quark expansion in QCD, for the choice of the characteristic parameters in our model. The subleading Isgur-Wise functions are given by [7, 11] 
where the HQET parameterΛ = M − m Q is equal to the mean energy of a light s quark in a heavy meson ǫ s . The functions χ 1 and χ 3 explicitly satisfy normalization conditions at the zero recoil point [16] 
arising from the vector current conservation. Near the zero recoil point of the final meson w = 1 the Isgur-Wise functions have the following expansions
The calculated leading and subleading Isgur-Wise functions for B s → D ( * ) s transitions are plotted in Fig. 3 . Using these Isgur-Wise functions we obtain the decay form factors h i (w) with the account of the first order 1/m Q corrections in the whole kinematical range. To improve calculations we scale the results by the values of the form factors at zero recoil h i (1) evaluated with the inclusion of 1/m 2 Q corrections using formulas given in Ref. [11] . We find that the account of the first order corrections changes the form factors by about 17%, while the contribution of the second order corrections is less than 3%. These values are in accord with the naive estimates of such correctionsΛ/(2m c ) ≈ 0.15 and [Λ/(2m c )] 2 ≈ 0.02. The other popular parametrization for the matrix elements of weak current J W between meson states is given by
At the maximum recoil point (q 2 = 0) these form factors satisfy the following conditions:
The relations between two sets of weak decay form factors are given in Appendix B. Substituting in these relations the Isgur-Wise functions of our model (24)- (28) we find that the decay form factors can be approximated with sufficient accuracy by the following expressions: 
where M = M B * c = 6.332 GeV for the form factors f + (q 2 ), V (q 2 ) and M = M Bc = 6.272 GeV for the form factor A 0 (q 2 ); the values F (0) and σ 1,2 are given in Table I . The values of σ 1,2 are determined with a few tenths of percent errors. The main uncertainties of the form factors originate from the account of 1/m 2 Q corrections at zero recoil only and from the higher order 1/m 3 Q contributions and can be roughly estimated in our approach to be about 2%.
1 The q 2 dependence of these form factors is shown in Fig. 4 . s eν at maximum recoil point q 2 = 0. In Table II we confront our predictions for the form factors of semileptonic decays B s → D ( * ) s eν at maximum recoil point q 2 = 0 with results of other approaches [17] [18] [19] [20] [21] . Different quark models are used in Refs. [17, 19, 21] , while the QCD and light cone sum rules are employed in Refs. [18, 20] . We find that these significantly different theoretical calculations lead to rather close values of the decay form factors. One of the main advantages of our model is its ability not only to obtain the decay form factors at the single kinematical point, but also to determine its q 2 dependence in the whole range without any additional assumptions or extrapolations. 
Bs q 2
Bs q 2 ), m l is the lepton mass and
The helicity components H ± , H 0 and H t of the hadronic tensor are expressed through the invariant form factors. They are given in Appendix C. Now we substitute the weak decay form factors calculated in the previous section into the above expressions for decay rates. The resulting differential decay rates for the B s decays to the D ( * ) s mesons are plotted in Fig. 5 . The corresponding total decay rates are obtained by integrating the differential decay rates over q 2 . For calculations we use the CKM matrix element |V cb | = (3.9±0.15)×10 −2 , which was obtained from the comparison of our theoretical predictions [7, 23] for the products F D ( * ) (w)|V cb | and for the B → D ( * ) lν l decay branching fractions with updated experimental data.
2 It is necessary to point out that the kinematical parameters, permitted by the description of hadron masses, will give significantly smaller contributions to the form factor and decay rate uncertainties compared to the ones mentioned above. range accessible in these semileptonic decays is rather broad. Therefore the knowledge of the q 2 dependence of the form factors is very important for reducing theoretical uncertainties of the decay rates. Our results for the semileptonic B s → D ( * ) s lν decay rates are given in Table III in comparison with previous calculations. The authors of Ref. [18] use the QCD sum rules, while the light cone sum rules approach is adopted in Ref. [20] . Different types of constituent quark models are employed in Refs. [19, 21, 25] and the three point QCD sum rules are used in Ref. [26] . We see that our predictions are consistent with results of quark model calculations in Refs. [19, 21] . They are approximately two times larger than the QCD sum rules and light cone sum rules results of Refs. [18, 20] , but slightly lower than the values of Refs. [25, 26] .
We find that the total branching fraction of the semileptonic decays of B s mesons to the ground state D s τ ν) = (1.92 ± 0.15)%. The errors in our estimates originate from the uncertainties in the determination of the CKM matrix element |V cb |, which are dominant, and from the theoretical uncertainties in the determination of decay form factors. The latter uncertainties are considerably smaller than the former ones and are mostly related with the estimates of the higher order terms in the heavy quark expansion.
VI. FORM FACTORS OF WEAK B s DECAYS TO RADIALLY EXCITED D s (2S) MESONS
The decay form factors (19) - (22) up to 1/m Q order in HQET for B s decays to radially excited D s [(n + 1)S] mesons are expressed through one leading ξ (n) and five subleadingξ 3 , χ 1,2,3,b Isgur-Wise functions and two mass parametersΛ andΛ (n) [27] . They are presented in Appendix D.
In our model all HQET relations (D1)-(D6) are satisfied and we get the following expressions for the leading and subleading Isgur-Wise functions [27] :
(1)sd
(w 2 − 1). Here we used the expansion for the S-wave meson wave function [27] 
where ψ
M is the wave function in the limit m Q → ∞, ψ (40)- (43) for the subleading functionsχ i (w) implies that corrections suppressed by an additional power of the ratio (w − 1)/(w + 1), which is equal to zero at w = 1 and less than 1/6 at w max , were neglected. Since the main contribution to the decay rate comes from the values of form factors close to w = 1, these corrections turn out to be unimportant.
It is clear from the expression (38) that the leading order contribution vanishes at the point of zero recoil (∆ = 0, w = 1) of the final D Fig. 7 . Their values at zero and maximum q 2 are given in Table IV . The main theoretical uncertainties of the decay from factors, as for the decays to the ground state mesons, originate from the higher order 1/m Q contributions and are less than 4%. Comparing plots in Figs. 4 and 7 we see that form factors for the decays to ground and radially excited states have significantly different behaviour in q 2 . The former ones grow with q 2 , while the latter ones decrease. This is the consequence of the different structure of nodes of the wave functions of these states. 
VII. SEMILEPTONIC B s DECAYS TO RADIALLY EXCITED D s (2S) MESONS
For the calculation of the semileptonic B s decays to radially excited D s (2S) mesons we use the expression for the differential decay rates (36) with the helicity components of the hadronic tensor given by Eqs. (C1)-(C4) and decay form factors calculated in the previous section. The predictions for the corresponding branching fractions are given in Table V 
is the scalar meson mass. The matrix elements of the weak current for B s decays to the axial vector D s1 meson can be expressed in terms of four invariant form factors 
where M D s2 and ǫ µν are the mass and polarization tensor of the tensor meson. To obtain the form factors of B s → D ( * ) sJ weak transitions we use the expression for the weak current matrix element (11) . We calculate exactly the contribution of the leading vertex function Γ
(1) (p, q) (12) to the transition matrix element of the weak current (11) using the δ-function. For the evaluation of the subleading contribution Γ on the recoil momentum ∆ = p D ( * ) sJ −p Bs . This replacement removes the relative momentum dependence in the quark energy and thus permits us to perform one of the integrations in the Γ (2) µ (p, q) contribution using the quasipotential equation. The subleading contribution turns out to be rather small numerically, since it is proportional to the quark binding energy in the meson. Therefore we obtain reliable expressions for the form factors in the whole accessible kinematical range. It is important to emphasize that when doing these calculations we consistently take into account all relativistic contributions including boosts of the meson wave functions from the rest reference frame to the moving ones, given by Eq. (17) . The obtained expressions for the decay form factors are rather cumbersome and are given in the Appendix of Ref. [8] . Note that, while calculating form factors of weak B s decays to D s1 and D ′ s1 mesons, it is important to take into account the mixing (16) of singlet D s ( 1 P 1 ) and triplet D s ( 3 P 1 ) states. In Fig. 9 we plot form factors of the weak B s transitions to the P -wave D sJ at q 2 = 0 and The differential semileptonic decay rates of B s mesons to orbitally excited D ( * ) sJ mesons are given by Eq. (36) . The helicity components H ± , H 0 and H t of the hadronic tensor are expressed through the invariant form factors (45)-(50) by the relations [8] given in Appendix E.
Substituting calculated form factors in these expressions we get predictions for the branching fractions of the semileptonic B s decays to orbitally excited D s mesons. We find that decays to D s1 and D * s2 mesons are dominant. The obtained results are given in Table VII in comparison with other calculations. First we compare with our previous calculation [28] which was performed in the framework of the heavy quark expansion. We give results found in the infinitely heavy quark limit (m Q → ∞) and with the account of first order 1/m Q corrections. It was argued [28, 32] that 1/m Q corrections are large and their inclusion significantly influences the decays rates. The large effect of subleading heavy quark corrections was found to be a consequence of the vanishing of the leading order contributions to the decay matrix elements, due to heavy quark spin-flavour symmetry, at the point of zero recoil of the final charmed meson, while the subleading order contributions do not vanish at this kinematical point. Here we calculated the decay rates without application of the heavy quark expansion. We find that nonperturbative results agree well with the ones obtained with the account of the leading order 1/m Q corrections [28] . This means that the higher order in 1/m Q corrections are small, as was expected. Then we compare our predictions with the results of calculations in other approaches. The authors of Refs. [25, 29] different types of constituent quark models for their calculations. Light cone and three point QCD sum rules are used in Refs. [20, 30] , while HQET and sum rules are applied in Ref. [31] . In general we find reasonable agreement between our predictions and results of Refs. [20, [29] [30] [31] , but results of the quark model calculations [25] are slightly larger. In Fig. 10 we plot the differential decay rates of the B → D 
where q = d, s. For the nonleptonic B s decay to two charmed mesons the effective Hamiltonian (∆B = 1) [35] reads 
while the functions O i (i = 3, .., 10) are the penguin operators. The following notations are used (qq
The amplitude of the nonleptonic two-body B s decay to D s and light M mesons can be expressed through the matrix element of the effective weak Hamiltonian H eff in the following way
The factorization approach, which is widely used for the calculation of two-body nonleptonic decays, such as B s → D s M, assumes that the nonleptonic decay amplitude reduces to the product of a meson transition matrix element and a weak decay constant [36] . Clearly, this assumption is not exact. However, it is expected that factorization can hold for energetic decays, where one final meson is heavy and the other meson is light and energetic [37] . A more general treatment of factorization is given in Ref. [38] .
Then the B s → D − s M + decay amplitude can be approximated by the product of oneparticle matrix elements. The matrix element (q = d, s) is given by
where the Wilson coefficients appear in the following linear combination
and N c is the number of colors. For numerical calculations we use the values of Wilson coefficients given in Ref. [39] . The similar expression holds for B s → D
decays [20] , namely
where the second term in brackets results from the penguin contributions, which are small numerically. The coefficients a 2n = c 2n + c 2n−1 /N c , and r q can be found, e.g., in Ref. [20] . The matrix element of the weak current J W µ between vacuum and a final pseudoscalar (P ) or vector (V ) meson is parametrized by the decay constants f P,V
The pseudoscalar f P and vector f V decay constants were calculated within our model in Ref. [40] . It was shown that the complete account of relativistic effects is necessary to get agreement with experiment for decay constants especially of light mesons. We use the following values of the decay constants: The matrix elements of the weak current between the B s meson and the final D s meson entering in the factorized nonleptonic decay amplitude (55) are parametrized by the set of the decay form factors. Using the form factors obtained in Secs. IV, VI, VIII we get predictions for the branching ratios of the nonleptonic B s decays to ground state and excited D s mesons and present them in Tables VIII, IX in comparison with other calculations and available experimental data. We can roughly estimate the error of our calculations within the adopted factorization approach to be about 20%. It originates from both theoretical uncertainties in the form factors, effective Wilson coefficients and experimental uncertainties in the values of the CKM matrix elements (which are dominant), decay constants and meson masses.
In Table VIII models [19, 41] , the light cone [20] and three-point QCD sum rules [42] , the perturbative QCD approach [43] . Available experimental data [1] are also given. We find reasonable agreement between our results, QCD sum rules [18] and quark model [19] predictions and experimental data. Results of quark model calculation [41] are slightly larger, while those of three-point QCD sum rules [42] and perturbative QCD [43] are slightly smaller. However, experimental and theoretical uncertainties are still too large to make possible the discrimination between theoretical approaches. In Table IX we present our predictions for the two-body nonleptonic B s decays to orbitally and radially excited D s meson and light or heavy D s meson. They are compared with the results of the light cone sum rules [20] [20] holds also for the B s decays to ground state mesons (see Table VIII ). From  Table IX we see that some of the nonleptonic B s decays to the excited D s mesons have branching fractions comparable with the ones for the decays to the ground state D s mesons, given in Table VIII. Very recently the LHCb Collaboration announced the first observation of the B s → D s1 π decay [44] . Only the relative branching fraction of this decay was measured. However, this observation indicates that we can expect the measurement of the nonleptonic B s decays to excited D s mesons in near future. Therefore there are good reasons to expect that these decays will be measured in the near future. This expectation is confirmed by the very recent observation of the B s → D s1 π decay by the LHCb Collaboration [44] .
